We consider both generalized Born-Infeld and Exponential Electrodynamics. The field-energy of a point-like charge is finite only for Born-Infeld-like Electrodynamics. However, both Born-Infeld-type and Exponential Electrodynamics display the vacuum birefringence phenomenon. Subsequently, we calculate the lowest-order modifications to the interaction energy for both classes of Electrodynamics, within the framework of the gauge-invariant path-dependent variables formalism. These are shown to result in long-range (1/r 5 -type) corrections to the Coulomb potential. Once again, for their non-commutative versions, the interaction energy is ultraviolet finite.
I. INTRODUCTION
Amongst the most interesting of the phenomena predicted by Quantum Electrodynamics (QED) we may quote the photon-photon scattering in vacuum arising from the interaction of photons with virtual electron-positron pairs [1] [2] [3] [4] . However, despite remarkable progresses [5] [6] [7] [8] [9] , this prediction has not yet been confirmed. Nevertheless, this remarkable quantum characteristic of light remains a fascinating and challenging topic of research. In fact, it is conjectured that alternative scenarios such as Born-Infeld theory [10] , millicharged particles [11] or axion-like particles [12] [13] [14] may have more significant contributions to photon-photon scattering physics.
It is worthy recalling, at this stage, that Born-Infeld (BI) Electrodynamics was proposed in 1934 in order to remove the singularities associated with charged point-like particles. Also, similarly to Maxwell Electrodynamics, BornInfeld Electrodynamics displays no birefringence in vacuum. At the same time, BI Electrodynamics is distinguished, since BI-type effective actions arise in many different contexts in superstring theory [15, 16] . Additionally, nonlinear electrodynamics (BI) have also been investigated in the context of gravitational physics [17, 18] . Actually, in addition to Born-Infeld theory, other types of nonlinear electrodynamics have been studied in the context of black hole physics [19] [20] [21] [22] .
Meanwhile, recent experiments related to photon-photon interaction physics [5] [6] [7] [8] [9] , have shown that the electrodynamics in vacuum is a nonlinear theory. Therefore, different models of nonlinear electrodynamics of vacuum deserve additional attention on the physical consequences presented by a particular nonlinear electrodynamics. In effect, our purpose here is to examine the properties of both Born-Infeld-like Electrodynamics and Exponential Electrodynamics.
On the other hand, we also recall that extensions of the Standard Model (SM) such as Lorentz invariance violating scenarios and fundamental length, have been object of intensive investigations over the past years [23] [24] [25] [26] [27] . The main reason for this is that the SM does not include a quantum theory of gravitation, as well as the need to understand and to overcome difficulties theoretical in the quantum gravity research. An attempt along this direction has been to consider quantum field theories allowing non-commuting position operators [28] [29] [30] [31] [32] [33] , where this non-commutativity is an intrinsic property of space-time. These studies were first made by using a start product (Moyal product). However, in recent years, a novel way to formulate noncommutative quantum field theory (or quantum field theory in the presence of a minimal length) has been initiated in [34] [35] [36] , which defines the fields as mean value over coherent states of the noncommutative plane. Later, it has been shown that the coherent state approach can be summarized through the introduction of a new multiplication rule which is known as Voros star-product [37] . Evidently, physics turns out be independent from the choice of the type of product [38] . Subsequently, this new approach has been applied extensively to black holes physics [39] .
With these considerations in mind, in a previous work [40] , we have considered Logarithmic Electrodynamics, for which the field energy of a point-like charge is finite, as it happens in the case of the usual Born-Infeld electrodynamics. We have also shown that, contrary to the latter, Logarithmic Electrodynamics displays the phenomenon of birefringence. Further, we have computed the lowest-order to the interaction energy for both Logarithmic Electrodynamics and for its non-commutative version, by using the gauge-invariant but path-dependent formalism. Our calculation has shown a long-range correction to the Coulomb potential for Logarithmic Electrodynamics. Interestingly enough, for its non-commutative version, the static potential becomes ultraviolet finite. From such a perspective, and given the outgoing experiments related to photon-photon interaction physics [5] [6] [7] [8] [9] , the present work is an extension of our previous study [40] . To do this, we shall work out the static potential for both Born-Infeld-like and Exponential Electrodynamics, using the gauge-invariant but path-dependent variables formalism, which is an alternative to the Wilson loop approach.
Let us also mention here that Lagrangian densities of non-linear extensions of electrodynamics such as Born-Infeldlike Electrodynamics, whose Lagrangian density is built up with an arbitrary power of the electromagnetic invariants, have been considered in the context of black hole physics [19, 41] . Whereas, in the context of single layer graphene, the effective action for the (2+1) relativistic quantum electrodynamics is governed by a power 3 / 4 [42, 43] . In addition, Exponential Electrodynamics has also been considered in physics of black holes [19] .
Our work is organized according to the following outline: in Section II, we consider Born-Infeld-like Electrodynamics, show that it yields birefringence, compute the interaction energy for a fermion-antifermion pair and its version in the presence of a minimal length. In Section III, we repeat our analysis for Exponential Electrodynamics. Finally, in Section IV, we cast our Final Remarks.
II. BORN-INFELD-LIKE MODEL
As already stated, we now examine the interaction energy for Born-Infeld-like electrodynamics. To do this, we will calculate the expectation value of the energy operator H in the physical state |Φ , which we will denote by H Φ . However, before going to the derivation of the interaction energy, we will describe briefly the model under consideration. The initial point of our analysis is the Lagrangian density:
where
In the sequel, we shall justify why we confine ourselves to the domain 0 < p < 1.
As usually, F µν = ∂ µ A ν − ∂ ν A µ is the electromagnetic field strength tensor andF µν = 1 2 ε µνρλ F ρλ is the dual electromagnetic field strength tensor. Before we proceed further, it is interesting to recall that Born and Infeld introduced their arbitrary Lagrangian, corresponding to p = 1 / 2 in (1), in analogy to the relativistic Lagrangian of a free particle [44] .
We start by observing that the field equations read:
while the Bianchi identities are given by
It follows from the above discussion that Gauss' law takes the form,
where D is given by
From (5), for J 0 (t, r) = eδ (3) (r), it is clear that the D-field is given by D = Q r 2r , where Q = e 4π . Considering the situation of a point-like charge, e, at the origin, the relation
tells us that, for r → 0, the electrostatic field is regular at the origin (where it acquires its maximum, E max = β) only with p < 1. On the other hand, p < 0 is excluded because there could exist field configurations for which the Lagrangian density would blow up. For p > 1, E becomes singular at r = 0; we then exclude this possibility, since we focus on solutions that are regular on the charge position. Our final choice is 0 < p < 1, from the considerations above. The physical picture is that for 0 < p < 1, though the charged particle is point-like, its charge somehow spreads in a small region and it is screened by the polarization that results from the quantum effects which sum up to produce the effective Lagrangian (1).
From (6), we then easily verify that the electric field satisfy the equation
where ξ = 1 1−p . Now, it is worth noting that if ξ is an integer, we obtain p = 1 / 2 , 2 / 3 , 3 / 4 , 4 / 5 , ..... The ξ = 0 and ξ = 1 cases are excluded. We further note that negative values of ξ are not permitted because it lead to p > 1. Evidently, when ξ is an integer induces a richer dynamics than usual Born-Infeld electrodynamics (p = 1 / 2 ). It is this aspect which we wish to investigate. In order to do so our considerations will be confined to the simplest possible case, namely, ξ = 4 (or p = 3 / 4 ). To accomplish this task, we begin by rewriting the Lagrangian density (1) as
This then implies that the electric field reduces to
From this expression, it should be clear that the electric field of a point-like particle is maximum at the origin,
2 ) simply because we have changed our coefficients in (8) (they are no longer the ones defined in (1)).
In order to properly discuss the propagation of electromagnetic waves within this context, it is advantageous to introduce the vectors D = ∂L/∂E and H = −∂L/∂B:
and
2 . This means that the corresponding equations of motion are written as
From Eqs. (11) and (12), it is clear that we can also write the electric permitivity ε ij and the inverse magnetic permeability µ −1 ij tensors of the vacuum. In effect,
Following our earlier procedure [40] , we must linearize the above equations. To this end one considers a weak electromagnetic wave (E p , B p ) propagating in the presence of a strong constant external field (E 0 , B 0 ). We see, therefore, that for the case of a purely magnetic field (E 0 = 0), the vectors D and H reduce to
where we have keep only linear terms in E p , B p . Now, by considering the z axis as the direction of the external magnetic field (B 0 = B 0 e 3 ) and assuming that the light wave moves along the x axis, the decomposition into a plane wave for the fields E p and B p can be written as
Once this is done, we arrive at the following Maxwell equations:
Thus, from a physical point of view, we have two different situations: First, if E ⊥ B 0 (perpendicular polarization), from (20) E 3 = 0, and from (19) we get k 2 w 2 = ε 22 µ 33 . As a result, the dispersion relation of the photon may be written as
Second, if E || B 0 (parallel polarization), from (19) E 2 = 0, and from (20) we get k 2 w 2 = ε 33 µ 22 . In this case, the corresponding dispersion relation becomes
Thus we learn that the vacuum birefringence phenomenon is present, or what is the same, electromagnetic waves with different polarizations have different velocities. Incidentally, it is of interest to notice that in Born-Infeld theory, which is described by a square root instead a power ( 3 / 4 ) as in (9), the phenomenon of birefringence is absent. However, in the case of a generalized Born-Infeld electrodynamics [45] , which contains two different parameters, again the phenomenon of birefringence is present. We now turn to the problem of obtaining the interaction energy between static point-like sources for a Born-Infeldlike model, our analysis follows closely that of references [46, 47] . As already expressed, the corresponding theory is governed by the Lagrangian density (9) , that is,
As in our previous works [40] , in order to handle the exponent 3 / 4 in (23), we incorporate an auxiliary field v such that its equation of motion gives back the original theory. This allows us to write the Lagrangian density as
We now carry out a Hamiltonian analysis of this theory. The canonical momenta are found to be Π µ = −4v F 0µ − 1 4γ 2 F αβF αβF 0µ , and one immediately identifies the two primary constraints Π 0 = 0 and p ≡ ∂L ∂v = 0. The canonical Hamiltonian corresponding of the model can be worked out as usual and is given by the expression:
Requiring the primary constraint Π 0 to be preserved in time, one obtains the secondary constraint Γ 1 = ∂ i Π i = 0. Similarly for the constraint p, we get the auxiliary field v as
which will be used to eliminate v. Next, the corresponding total (first-class) Hamiltonian that generates the time evolution of the dynamical variables is
, where u o (x) and u 1 (x) are the Lagrange multiplier utilized to implement the constraints. It should be noted thatȦ 0 (x) = [A 0 (x) , H] = u 0 (x), which is an arbitrary function. Since Π 0 = 0 always, neither A 0 nor Π 0 are of interest in describing the system and may be discarded from the theory. Thus the Hamiltonian is now given as
where w(x) = u 1 (x) − A 0 (x) and v is given by (26) . At this stage, in accordance with the Hamiltonian analysis, we must fix the gauge. A particularly convenient gauge-fixing condition is
where λ (0 ≤ λ ≤ 1) is the parameter describing the spacelike straight path x i = ξ i + λ (x − ξ) i , and ξ is a fixed point (reference point). There is no essential loss of generality if we restrict our considerations to ξ i = 0. With this, we arrive at the only non-vanishing equal-time Dirac bracket for the canonical variables
Having thus outlined the necessary aspects of quantization, we now proceed to compute the interaction energy for the model under consideration. Recalling again that we will work out the expectation value of the energy operator H in the physical state |Φ , where the physical states |Φ are gauge-invariant ones. We also recall that the stringy gauge-invariant state is given by:
This then implies that the lowest-order corrections to the modification interaction energy may be written as
Φ -term is given by
It is, up to a numerical factor, just the interaction energy for the standard Born-Infeld theory. In view of this situation, the static potential turns out to be
As a second derivation of our previous result, it may be recalled that [48, 49] V
where the physical scalar potential is given by
This equation follows from the vector gauge-invariant field expression
where the line integral is along a spacelike path from the point ξ to x, on a fixed slice time. It should be noted that the gauge-invariant variables (36) commute with the sole first constraint (Gauss law), showing in this way that these fields are physical variables. In passing we note that Gausss law for the present theory ∂ i Π i = J 0 , where we have included the external current J 0 to represent the presence of two opposite charges. Now, using the previous result (10), we note that the scalar potential for Born-Infeld-like electrodynamics, at leading order in β, is expressed as
In this way, by employing Eq. (34), the potential for a pair of static point-like opposite charges located at 0 and L, is given by
One immediately sees that this is exactly the profile obtained for Born-Infeld electrodynamics. The point we wish to emphasize, however, is that Born-Infeld-like electrodynamics also has a rich structure reflected by its long-range correction to the Coulomb potential. Again, as in the case of both Born-Infeld and logarithmic electrodynamics [40, 50] have a finite electric field at the origin, we find that the interaction energy between two test charges at leading order in β is not finite at the origin. Following our earlier line of argument [46, 47] , we shall give a concise description of Born-Infeld-like electrodynamics defined in a non-commutative geometry. In such a case, Gauss' law reads
thus
/ 4θ is the lower incomplete Gamma function defined by
By proceeding in the same way as in [40] , we obtain the static potential for two opposite charges e located at 0 and L:
which is finite for L → 0. Again, in the limit θ → 0, we recover our above result. We would like to point out that we are not here going to calculate the electrostatic energy stored in a region corresponding to the Compton wavelength of the electron, m −1 e , because we know that the electron mass is not originated from its electrostatic field; it rather comes from the Yukawa coupling between the electron and the Higgs fields and the spontaneous breaking down of the SU L (2) × U Y (1)-symmetry to the electromagnetic U (1); actually, m e = y e H , where y e is the electron's Yukawa coupling and H the order parameter of the breaking of electroweak symmetry.
III. EXPONENTIAL ELECTRODYNAMICS
Our next undertaking is to use the ideas of the previous section in order to consider exponential electrodynamics. In such a case the Lagrangian density reads [19] :
As in the previous section, before we proceed to work out explicitly the interaction energy, we shall begin by considering the equations of motion. Thus we have
while the Bianchi identities are
As before, we also find that
where D takes the form
, where Q = e 4π . Moreover, from (46) we observe that the electric field satisfy the equation
from which follows that
is the Lambert function or Product Log function. In the limit β → ∞, the electric field reduces to
It is interesting to note that, for exponential electrodynamics, the electric field is not finite at the origin. The physical understanding for a non-regular solution for r = 0 is that Exponential Electrodynamics is actually a power series expansion in F and G 2 and, then, as we have discussed in Section II, positive powers in F and G do not yet a finite field on the charge's position. We should point out that the Born-Infeld case (p = 1 / 2 ) comes out from the vacuum polarization as a quantum effect of virtual pair production and annihilation, which is responsible for the screening of a charge in a polarized vacuum. For 0 < p < 1, the regime of screening is still valid. However, p > 1 is outside this regime and this is why the case of the Exponential Electrodynamics does not exhibit a regular electrostatic field at the charge's position. We point out, in this context, the work of Ref. [51] , where a quartic model in F µν is considered and, though the field is not regular for r = 0, the finiteness of the field energy is ensured.
Let us next consider the propagation of electromagnetic waves in exponential electrodynamics. Once again following the same steps leading to (21) and (22) , in the present case, the dispersion relations read
With this then, we see that the vacuum birefringence phenomenon is present. We now turn our attention to the calculation of the interaction energy between static point-like sources for exponential electrodynamics (41) . Now, proceeding as before, we introduce the auxiliary field v, in order to handle the exponential in (41) . In so doing, we get
It is once again straightforward to apply the gauge-invariant formalism discussed in the preceding section. For this purpose, we shall first carry out its Hamiltonian analysis. The canonical momenta read
, and one immediately identifies the two primary constraints Π 0 = 0 and p ≡ ∂L ∂v = 0. The canonical Hamiltonian corresponding to (41) is
Requiring the primary constraint Π 0 to be preserved in time, one obtains the secondary constraint Γ 1 = ∂ i Π i = 0. Similarly for the constraint p, we get the auxiliary field v as v = 
Following the same steps that led to (32) we find that the H
From Eqs. (32) and (55), it is clear that both expressions, up to a numerical factor, give rise to the same interaction energy.
IV. FINAL REMARKS
In summary, within the gauge-invariant but path-dependent variables formalism, we have considered the confinement versus screening issue for both Born-Infeld-like electrodynamics and exponential electrodynamics. Once again, a correct identification of physical degrees of freedom has been fundamental for understanding the physics hidden in gauge theories. We should highlight the identical behaviors of the potentials associated to each of the models. Interestingly enough, their non-commutative version displays an ultraviolet finite static potential. The above analysis reveals the key role played by the new quantum of length in our analysis. In a general perspective, the benefit of considering the present approach is to provide unifications among different models, as well as exploiting the equivalence in explicit calculations, as we have illustrated in the course of this work.
More recently, an up-dated upper bound for the electron's electric dipole moment (EDM) has been published in [7] . Since the understanding of this property involves CP-violation, we believe it would be a viable task to include a CP-violating term given by G, or an odd power of G, and to compute how it may yield an asymmetric charge distribution around the spin of the electron. This, in turn, should induce a contribution to the electron's EDM in the framework of the Born-Infeld model. To do that, it is clearly important to also know the magnetic field that appears as an effect of the non-linearity in the case of a point charge [52] . We are presently pursuing this investigation we hope to report on it soon.
